We discuss the potential to constrain the small-x PDFs using the exclusive production of heavy vector mesons. The calculation of J/ψ and ϒ photoproduction at NLO in collinear factorisation is described. The different behaviour of the NLO corrections for J/ψ and ϒ is highlighted and we outline what might be expected from the inclusion of these processes in a PDF fit.
Introduction
Currently there is a large uncertainty in the low x 10 −3 behaviour of the gluon distribution in the global parton distribution function (PDF) analyses, particularly at low scales [1, 2, 3] . A wide variety of data on exclusive heavy vector meson (HVM) production γ * p → V + p and ultraperipheral HVM production pp → p +V + p, with V = J/ψ, ψ(2S), ϒ, have been measured over the past few decades, for example see Refs. [4, 5, 6, 7, 8, 9] , with more data currently under analysis. The data measured at HERA sample the gluon distribution down to x ∼ 10 −3 and data measured by the LHCb collaboration are sensitive to the gluon distribution down to x ∼ 10 −5 . However, the exclusive HVM data are not typically included in the global PDF fits. The main reason for this is that the theoretical frameworks used to describe exclusive HVM production differ to varying degrees from the standard framework used to describe more inclusive processes.
In Section 2 we give a brief overview of the description of exclusive HVM production in both the k T and collinear factorisation frameworks. Our attempts to extract a gluon distribution from the measurements of this process at HERA and the LHC using k T factorisation are described in Section 3. The process is discussed using the collinear factorisation approach at NLO in Section 4.
Overview of Exclusive Heavy Vector Meson Production
The various frameworks describing exclusive HVM production differ in two key ways from that typically used by global analyses.
Firstly, the momentum of the incoming hadron need not be equal to the momentum of the outgoing hadron, therefore, the parton distributions probed are not the conventional PDFs. In the collinear factorisation framework exclusive processes such as GDVCS [10, 11, 12] and exclusive vector meson electroproduction 1 (including HVM electroproduction) [13, 14] are described at amplitude level in terms of a convolution of coefficient functions and Generalized Parton Distributions (GPDs). These distributions and their relation to the PDFs are briefly described in Section 2.1. Note that in this framework exclusive HVM photoproduction has not been proven to factorise, although, at least at NLO this appears to be the case [15] . In the k T factorisation framework the process is typically described in terms of so-called 'skewed unintegrated' PDFs [16, 17] .
Secondly, the framework must describe the formation of the HVM. In this work, we use the leading term of the non-relativistic QCD (NRQCD) approach, it depends on an NRQCD matrix element O 1 which is proportional to the vector meson branching fraction to leptons [18] . To this order the description is equivalent to the 'static' approximation [19] . The formation of the HVM is subject to modification by relativistic corrections. These corrections have been studied in a framework similar to NRQCD and found to be small [20] , they are neglected here. Note, however, that other work, based on integrating over the relative momentum of the outgoing heavy quarks, indicates that the relativistic corrections may be large [21] .
For ultraperipheral production there is an additional complication. In this process two protons (or heavy ions) collide. At LO, considering only hard perturbative contributions and neglecting background processes in which the protons break up or enter an excited state, this process can be modelled in terms of HVM photoproduction. The Equivalent Photon Approximation (EPA), utilised here, is widely used. It allows the ultraperipheral cross-section to be written as
Here y is the rapidity, σ + (γ p), σ − (γ p) are photoproduction cross-sections computed with different γ p centre-of-mass energies depending on the rapidity, S 2 + (y), S 2 − (y) are survival factors and N + , N − are photon fluxes. Note that, without forward proton tagging, it is not possible to distinguish which proton emitted the photon entering the photoproduction amplitude. Therefore, the ultraperipheral cross-section for a given rapidity depends on the photoproduction cross-section evaluated at two γ p centre-of-mass energies. The higher energy photoproduction cross-section accounts for photon emission from the forward proton whilst the lower energy photoproduction cross-section accounts for photon emission from the backward proton. The survival factors describe the probability that the rapidity gaps survive soft re-scattering effects between the interacting hadrons. They must be modelled and fitted to data, for this we use the Khoze-Martin-Ryskin model [22] . The photon flux used in this work is described in Ref. [23] . The dependence on the photon flux N + , N − partly cancels against the photon flux appearing in the denominator of the survival factors and so the same photon flux should be used to compute both quantities. The ellipses denote interference terms which are small and are neglected here.
Finally, especially for J/ψ photoproduction, we have a low central scale (squared) of 2.4 GeV 2 and could reasonably question the validity of a perturbative approach. One might expect poor convergence of the pertubative series (due to large α S ) and large effects not captured by perturbation theory. Indeed, NLO results in the collinear factorisation framework seem to indicate a very poor convergence of the perturbative series for reasonable choices of the renormalization and factorisation scales, see Section 4.
Generalized Parton Distributions
Analogously to the PDFs, the GPDs can be defined through the matrix elements of quark and gluon operators at a light-like separation. For GPDs, unlike for PDFs, the momentum p of the incoming hadron need not be equal to the momentum p of the outgoing hadron. The GPDs H g (x, ξ ,t), H q (x, ξ ,t) depend on the momentum fractions x, ξ of P + = (p + + p + )/2 carried by the interacting partons. Conventionally, the incoming parton carries momentum (x + ξ )P + and the outgoing parton carries momentum (x − ξ )P + , see the right panel of Fig. 1 . The GPDs depend also on the Mandelstam variable t = (p − p ) 2 and, after mass factorisation, on the factorisation scale µ 2 F which is suppressed here. In the forward limit, defined by p = p or equivalently ξ = 0 and t = 0, the GPDs are equal to the PDFs,
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Efforts by several groups to directly extract GPDs from GDVCS data are on-going [24, 25, 26] . There also exist GPDs E q (x, ξ ,t) and E g (x, ξ ,t) which appear multiplied by the momentum transfer (p − p), here we neglect them. In Section 4 we will consider the quantities F i (x, ξ ,t) at t = 0 which, neglecting the proton mass, are related to the GPDs as
It has been conjectured that in the small x and ξ limit, beyond the strict forward limit, the GPDs are related to the PDFs via the Shuvaev transform [27] . This is based on the observation that the anomalous dimensions of the Gegenbauer moments H N of the GPDs are equal to the anomalous dimensions of the Mellin moments M N of the PDFs. The polynomiality property of the GPDs
c N k ξ 2k allows the Gegenbauer moments to be determined from the PDFs up to corrections O(ξ ) at NLO. The Shuvaev transform reconstructs the GPDs from these Gegenbauer moments.
Note that the Shuvaev transform strictly relates the GPDs to some effective forward parton distribution functions and the conjecture consists of equating these distribution functions to the PDFs. The equivalence requires that there are no singularities in the right half N-plane of the PDF input distributions [28] . Further, the transform does not relate the GPDs to the PDFs in the |x| < ξ (time-like) region. In this work we assume that the Shuvaev transform can be used to relate the GPDs to the PDFs in the ξ < |x| (space-like) region. Previously we have studied exclusive HVM production in the context of k T factorisation [23, 29] . In our work we calculated at tree level (LO) the dominant imaginary part of the amplitude for photoproduction and electroproduction. At tree level only gluon exchange between the proton and photon contributes. We considered only the high energy 'maximal skew' approximation in which the incoming gluon carries plus momentum fractionx ≈ 2x = 2ξ and the outgoing gluon carries no momentum in the plus direction. In k T factorisation the incoming and outgoing gluons can be off-shell and have momentum k T transverse to the plus direction, see the left panel of Fig. 1 .
The k T factorisation approach
In this framework the 'skewed unintegrated' gluon distribution was parametrised in terms of a gluon PDF and a 'skewing factor', which can be derived from the Shuvaev transform using the 'maximal skew' approximation and assuming the gluon PDF obeys a simple power law form xg(x, µ 2 F ) ∼ x λ (µ 2 F ) . Note that in Ref. [30] it was shown that the parametrisation used in our work can introduce an O(20 − 30%) effect on the total cross-section as compared to using the full Shuvaev transform. Under the assumption that the Shuvaev transform is valid, that non-relativistic corrections to the HVM formation are small and neglecting contributions higher order in α S , this is the dominant uncertainty in our analysis.
Two models were considered. In the first model the approximation k 2 T Q 2 was used along with a simple power law form for the gluon PDF. In the second model the full k T dependence was maintained and a double-leading logarithm approximation was used for the gluon PDF which mimics DGLAP evolution over the relevant small range of scales. Maintaining the full k T dependence in the second model includes some contributions that would only appear beyond LO in collinear factorisation. In both models the gluon PDF was parametrised with 3 variables that were fitted to HERA J/ψ data [4, 5] (both photoproduction and electroproduction) and ultraperipheral data from CDF [6] and the LHCb 2013 data [7] , but no other data were included in these fits. The fits obtained are in good agreement with the data, for the first model we obtain χ 2 /d.o.f = 41/79 and for the second model we obtain χ 2 /d.o.f = 50/79. The extracted gluons are broadly similar to the global PDFs but the uncertainty bands at low x ∼ 10 −5 for scales 2-6 GeV 2 are much narrower.
Further, the predictions from these models compare well to subsequent data on J/ψ, ψ(2S) and ϒ measured at LHCb after our publications [8, 9] . Note that our ϒ prediction does not rely on any ϒ data but is just the result obtained from (approximate) DGLAP evolution of the gluon fitted from J/ψ photoproduction and electroproduction. Unfortunately, going beyond tree level in this framework appears not to be straightforward, further, the connection between the 'skewed unintegrated' distribution is less direct than in the collinear factorisation framework.
The Collinear Factorisation Approach at NLO
More recently we considered exclusive HVM photoproduction at NLO in collinear factorisation. In this framework the NLO result has already been known for more than a decade [15] but contained errors corrected only recently [31, 15] . Our re-calculation, which confirms the corrected result, uses a different technique than the original authors, it is described in Section 4.1.
At NLO exclusive HVM production receives additional contributions from a quark exchange between the proton and photon. In the collinear factorisation framework the amplitude can be written as
where C g , C q are perturbatively calculable coefficient functions and F g , F q depend on the GPDs. Here the dependence of the coefficient functions on the renormalization scale µ 2 R and the factorisation scale µ 2 F is suppressed. The dependence of F g , F q on the Mandelstam t and µ 2 F has also been suppressed.
Calculation
To obtain the LO coefficient function we must compute the 5-leg diagrams contained in the dashed box of Fig. 1 . The Lorentz or spin indices of the light partons connected to the GPD are contracted with GPD projectors whilst the heavy quarks which enter the NRQCD matrix element are contracted with a projector onto the HVM state, see Refs. [15, 32] . There are 6 gluon diagrams at tree level and 97 gluon + 12 quark diagrams at 1-loop. We compute using dimensional regularisation, the diagrams are generated using QGRAF [33] then processed using FORM [34] . The factorisation imposes that the momenta of the incoming and outgoing light partons are proportional whilst the leading term of the NRQCD expansion imposes that the momenta of the outgoing heavy quarks are equal. The naïve application of standard loop techniques will therefore lead to a singular decomposition and/or an incomplete reduction to the master integrals.
To circumvent these problems we perform a Sudakov decomposition of all external momenta p
Due to the kinematic constraints we see that all transverse components p iT can be chosen to vanish. All external momenta can therefore be constructed from just two linearly independent vectors which can be chosen as the Sudakov basis vectors p, n. Thus, we can decompose our integrals in terms of just p, n (and the metric).
Further, the linear dependence of the external momenta implies that there are relations between the propagators. These relations allow us to reduce N point integrals to N − 1 point integrals by eliminating linearly dependent propagators from each integral. Since the kinematics of the process impose that at most two external momenta can be linearly independent there can be at most three different propagators appearing in any integral.
After eliminating the linear dependencies and using integration by parts identities, as implemented in REDUZE [35] , we obtain scalar triangle, bubble and tadpole master integrals only. These integrals depend on only one scaleless ratio. The analytic continuation of our result for the coefficient functions is checked against the numerical implementation of the integrals in Ref. [36] .
Results
To obtain the amplitude the coefficient functions calculated as described in Section 4.1 must be convoluted with the GPDs according to Eq. (4.1). Rather than fitting a gluon to the J/ψ data as in Section 3 we instead extract GPDs from the global PDFs using the full Shuvaev transform implemented as described in Ref. [28] . Since the Shuvaev transform limits us to the ξ < |x| space-like region we can consider only the imaginary part of the amplitude which is zero outside this region (this can be seen explicitly from the coefficient functions). Further, it should be noted that, even if valid, the Shuvaev transform may be a poor approximation for large ξ (small γ p centre-of-mass energy W ). The result for the born and sum of quark and gluon 1-loop contributions to the amplitude for J/ψ and ϒ are shown in Fig. 2 . For the central value of the scale for the J/ψ the 1-loop contributions dominate the born contribution and have the opposite sign which leads to a (nonsensical) negative cross-section. For ϒ the situation is not as severe, for the central value of the scale the born contribution dominates the 1-loop correction leading to a positive cross-section which is, however, very sensitive to the scale choice (for W greater than a few hundred GeV the scale variation band encompasses negative cross-sections). This poor perturbative stability is a major obstacle for any attempt to extract either GPDs or PDFs from exclusive HVM photoproduction. Nevertheless, the sensitivity to the scale for W M 2 V , where M 2 V is the HVM mass, can be understood. It originates from terms containing ln(m 2 /µ 2 F ) ln(1/ξ ), where m is the heavy quark mass, generated by mass factorisation, which can become large for small ξ . It was argued in Ref. [38] that a scale fixing procedure can resum these double log terms and reduce the sensitivity to the factorisation scale. Another approach being pursued is to resum the leading ln(1/ξ ) à la BFKL [39] . Furthermore, for J/ψ one might reasonably suspect that the low central scale is at least partly responsible for the poor perturbative stability.
Conclusions
We have described our LO results for exclusive HVM in the k T factorisation framework. In this framework the gluon distribution extracted from J/ψ exclusive and ultraperipheral production has a reduced uncertainty at low x ∼ 10 −5 and low scales 2 -6 GeV 2 as compared to the global analyses [23, 29] .
Recently we have also re-calculated and confirmed the (recently corrected) NLO result for exclusive photoproduction [15] . For both the J/ψ and the ϒ, the 1-loop contribution is large, comparable to the born contribution, and very sensitive to the factorisation scale choice. The loop contribution has opposite sign to the born contribution which can lead even to negative crosssections for seemingly reasonable scale choices. For the ϒ, the correction is large but the crosssection is positive for γ p centre-of-mass energies less than a few hundred GeV. The poor behaviour of the correction at large centre-of-mass energies for both J/ψ and ϒ is at least partly due to the appearance of large ln(1/ξ ) and several groups are working, with some success, to address this primarily by attempting to resum these logarithms [38, 39] .
